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Abstract
To estimate the ultimate bound and positively invariant set for a dynamic system is an important but quite
challenging task in general. In this paper, we attempt to investigate the ultimate bound and positively invari-
ant set for two specific systems, the Lorenz system and a unified chaotic system. We derive an ellipsoidal
estimate of the ultimate bound and positively invariant set for the Lorenz system, for all the positive values
of its parameters a, b and c, and obtain the minimum value of volume for the ellipsoid. Comparing with the
best results in the current literature [D. Li, J. Lu, X. Wu, G. Chen, Estimating the bounds for the Lorenz
family of chaotic systems, Chaos Solitons Fractals 23 (2005) 529–534; X. Liao, On the global basin of
attraction and positively invariant set for the Lorenz chaotic system and its application in chaos control and
synchronization, Sci. China Ser. E 34 (2004) 1404–1419], our new results fill up the gap of the estimate for
the cases of 0 < a < 1 and 0 < b < 2 [X. Liao, On the global basin of attraction and positively invariant
set for the Lorenz chaotic system and its application in chaos control and synchronization, Sci. China Ser.
E 34 (2004) 1404–1419]. Furthermore, the estimation derived here contains the results given in [D. Li,
J. Lu, X. Wu, G. Chen, Estimating the bounds for the Lorenz family of chaotic systems, Chaos Solitons
Fractals 23 (2005) 529–534] and [X. Liao, On the global basin of attraction and positively invariant set for
the Lorenz chaotic system and its application in chaos control and synchronization, Sci. China Ser. E 34
(2004) 1404–1419] as special cases. Along the same line, we also provide estimates of cylindrical and el-
lipsoidal bounds for a unified chaotic system, for its parameter range 0 α < 129 , and obtain the minimum
value of volume for the ellipsoid. The estimate is more accurate than and also extends the result of [D. Li,
J. Lu, X. Wu, G. Chen, Estimating the bounds for the Lorenz family of chaotic systems, Chaos Solitons
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1. Introduction
In 1963, Lorenz found the first chaotic system, which is a third-order autonomous system with
only two quadratic terms but displays very complex dynamical behaviors [1]. In 1999, Chen
found another similar but topologically non-equivalent chaotic system—the Chen system [2],
which is a dual system to the Lorenz system in the sense of a canonical form introduced by
Vaneˇceˇk and Ceˇlikovesky [3]: After separating the system into linear and quadratic parts, in
the linear part of the system described by the matrix A = [aij ]3×3, the Lorenz system satisfies
the condition a12a21 > 0 while the Chen system satisfies a12a21 < 0. In 2002, Lü and Chen
found another chaotic system, the Lü system [4], which satisfies a12a21 = 0. To that end, Lü et
al. introduced a unified chaotic system [5], which describes a large family of chaotic systems
containing the Lorenz and Chen systems as two extremes and the Lü system as a transition in
between. Recently, there are some analytical results reported about these chaotic systems, which
altogether are called the Lorenz systems family [6,7].
A chaotic system is bounded, in the sense that its chaotic attractor is bounded in the phase
space, and the estimate of its bound is important in chaos control, chaos synchronization and
their applications [8–10]. Technically, this is also a very difficult task. Ever since the Lorenz
system was put forward, researchers have been investigating its bound. It had been unknown
until 1987 when Leonov et al. investigated the boundedness of the Lorenz system and derived
a spherical bound and cylindrical bound for the Lorenz system [11]. Recently, Li et al. [12]
derived a sharper upper bound for the Lorenz system, for all the positive values of its parameters
a, b, c, which extends and improves the results of [11]. On the other hand, Liao [13] presented
an ellipsoidal estimate of the ultimate bound for the Lorenz system, which enriches the existing
results. For the unified chaotic system, there is only one result, given in [12], where a spherical
estimate of the bound for the system is presented.
In this paper, we investigate the ultimate bound and positively invariant set for the Lorenz
system and the unified chaotic system using a technique combining the generalized Lya-
punov function theory and optimization. For the Lorenz system, we derive an ellipsoidal
bound and positively invariant set for all the positive values of its parameters a and b, and
also give the minimum point and minimum value for the volume of the ellipsoid. Compar-
ing with the best results existing in the current literature [12,13], our new results fill up the
gap of the estimate for the case of 0 < a < 1 and 0 < b < 2. Along the same line, we
also obtain estimates of ellipsoidal and cylindrical bounds for the unified chaotic system for
its parameter range 0  α < 129 , which is more precise than those given in [12]. Further-
more, we derive the minimum point and minimum value for the ellipsoid. These theoretical
results are important and useful in chaos control, chaos synchronization and their applica-
tions.
846 D. Li et al. / J. Math. Anal. Appl. 323 (2006) 844–8532. Estimate of the ultimate bound and positively invariant set for the Lorenz system
Consider the system
X˙ = f (X), (1)
where X ∈ R3, f :R3 → R3, X = (x, y, z), t0  0 is the initial time, and X(t, t0,X0) is a solution
to system (1) satisfying X(t0, t0,X0) = X0 which for simplicity is denoted as X(t). Assume
Ω ∈ R3 is a compact set. Define the distance between the solution X(t, t0,X0) and the set Ω by
ρ(X(t, t0,X0),Ω) = infXˆ∈Ω ‖X(t, t0,X0) − Xˆ‖, and denote Ωε = {X | ρ(X,Ω) < ε}. Clearly,
Ω ⊂ Ωε .
Definition 1. Suppose that there is a compact set Ω ∈ R3. If, for every X0 ∈ R3/Ω ,
limt→∞ ρ(X(t),Ω) = 0, that is, for any ε > 0, there is T > t0 such that for t  T ,
X(t, t0,X0) ⊂ Ωε , then the set Ω is called an ultimate bound for system (1). If, for any X0 ∈ Ω
and all t  t0, X(t, t0,X0) ⊂ Ω , then Ω is called the positively invariant set for system (1).
Consider the Lorenz system{
x˙ = a(y − x),
y˙ = cx − xz − y,
z˙ = xy − bz,
(2)
where parameters a > 0, b > 0, c > 0. It is chaotic when a = 10, b = 8/3, c = 28.
The earliest estimate of the bound for system (2) was presented by Leonov et al. [11]. Re-
cently, Li et al. provided a sharper bound for all the positive values of its parameters a and b
[12], which extends the results given in [11]. The new bound is given by a spherical estimate,
described as follows [12]:
x2 + y2 + (z − a − c)2 R21, (3)
where
R21 =
⎧⎪⎪⎨
⎪⎪⎩
(a+c)2b2
4(b−1) , a  1, b 2,
(a + c)2, b < 2a, b < 2,
(a+c)2b2
4a(b−a) , b 2a, a < 1.
(4)
In [13], there is also an ellipsoidal estimate for the Lorenz system, for a  1 and b  2. The
estimate is given by
λx2 + y2 + (z − λa − c)2 R22, (5)
where λ 0 and
R22 =
(λa + c)2b2
4(b − 1) .
Inequality (5) is a class of ellipsoids. For different values of λ, one can get different estimates for
system (2). But this estimate can never be complete, because it does not deal with the cases of
0 < a < 1 and 0 < b < 2. In the following, we will give a more complete estimate for all positive
values of parameters a and b.
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invariant set as follows:
Ωλ: λx
2 + y2 + (z − λa − c)2 R23, (6)
where
R23 =
⎧⎪⎪⎨
⎪⎪⎩
(λa+c)2b2
4(b−1) , a  1, b 2,
(λa + c)2, b < 2a, b < 2,
(λa+c)2b2
4a(b−a) , b 2a, a < 1.
Furthermore, when λ = λ0 = c5a , ellipsoid (6) attains its minimum volume.
Proof. Define
V (X) = λx2 + y2 + (z − λa − c)2.
Then, its time derivative along the orbits of system (2) is
1
2
V˙ (X) = λxx˙ + yy˙ + (z − λa − c)z˙
= −λax2 − y2 − b
(
z − λa + c
2
)2
+ b(λa + c)
2
4
.
Denote σ = λa+c2 and let V˙ (X) = 0. Then, we have the following ellipsoidal surface Γ cen-
tered at (0,0, σ ):
λax2 + y2 + b(z − σ)2 = bσ 2. (7)
Outside Γ , V˙ (X) < 0, while inside Γ , V˙ (X) > 0. Thus, the ultimate bound for system (2) can
only be reached on Γ . In the following, we will evaluate the maximum value of
V = λx2 + y2 + (z − 2σ)2 (8)
on Γ , and denote the maximum point as Xˆ0 = (xˆ0, yˆ0, zˆ0).
From (7) and (8), we have
{
V = (1 − a)λx2 + (z − 2σ)2 − b(z − σ)2 + bσ 2, (9)
γ : λax2 + b(z − σ)2  bσ 2. (10)
(I) When a > 1, b 2, let
dV
dx
= 2(1 − a)λx = 0, dV
dz
= 2(z − 2σ) − 2b(z − σ) = 0,
then we obtain x0 = 0, z0 = b−2b−1σ . Obviously, (x0, z0) ∈ γ . And if λ > 0, then d2V /dx2 =
2(1 − a)λ < 0, d2V /dz2 = 2 − 2b < 0. Therefore, from (9), we have
Vmax = V (x0, z0) = σ
2b2
b − 1 =
(λa + c)2b2
4(b − 1) . (11)
When λ = 0, substituting it into (9) and (10), we can easily get (11). When a = 1, b  2, we
can also get (11), which is the result Eq. (4) given in [13].
848 D. Li et al. / J. Math. Anal. Appl. 323 (2006) 844–853(II) When a < 1 or b < 2, (x0, z0) /∈ γ , thus the maximum value can only be reached on
γ ′: λax2 + b(z − σ)2 = bσ 2.
Let x =
√
b
λa
σ cos θ , z = σ + σ sin θ (0 θ  2π). Substituting them into (9), we get
V = b
a
σ 2 cos2 θ + σ 2(sin θ − 1)2,
dV
dθ
= 2σ 2
(
sin θ − b
a
sin θ − 1
)
cos θ = 0. (12)
Then we have
cos θ = 0 or sin θ = a
a − b .
Only if b 2a, we have | a
a−b | 1. Therefore, the following cases need to be discussed:
(i) When b < 2a, b < 2, we have cos θ = 0, θ1 = π2 , θ2 = 3π2 , hence,
d2V
dθ2
∣∣∣∣
θ=θ1
= 2σ
2b
a
> 0,
d2V
dθ2
∣∣∣∣
θ=θ2
= 2σ
2(b − 2a)
a
< 0,
thus
Vmax = V |θ=θ2 = 4σ 2 = (λa + c)2.
(ii) When b 2a, a < 1, we have sin θ = a
a−b , θ3 = arcsin aa−b , hence,
d2V
dθ2
∣∣∣∣
θ=θ3
= −2σ
2b(b − 2a)
a(b − a)  0,
thus
Vmax = V |θ=θ3 =
b
a
σ 2
[
1 −
(
a
a − b
)2]
+ σ 2
[
a
a − b − 1
]2
= σ
2b2
a(b − a)
= (λa + c)
2b2
4a(b − a) .
Therefore, we have obtained the compact set Ωλ given in (6). Since Γ ⊂ Ωλ, when an orbit
X(t) of system (2) is outside Ωλ, we have V˙ (X) < 0, so the constant isoplethic surface V (X) =
const is monotonously decreasing. Thus
lim
t→+∞ρ
(
X(t),Ωλ
)= 0.
When the orbit X(t) is on the surface of Ωλ and X(t) 	= Xˆ0, we also have V˙ (X) < 0, thus any or-
bit X(t) (X(t) 	= Xˆ0) will also go into Ωλ. When X(t) = Xˆ0, by the Continuation Theorem [14],
X(t) will go into Ωλ.
Summarizing the above, we conclude that Ωλ is the ultimate bound and positively invariant
set of system (2).
Finally, the volume of the ellipsoid (6) is U = 43π
R33√
λ
. For any a > 0, b > 0, let dU
dλ
= 0. Then,
we have λ = λ0 = c5a and d
2U
dλ2
|λ=λ0 > 0. Thus, when λ = λ0 = c5a , the ellipsoid Ωλ attains its
minimum volume. The proof is thus completed. 
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result Theorem 1, however, we estimate the bound for all the positive values of parameters a
and b. On the other hand, in Theorem 1, by letting λ = 1, we can obtain the result Eq. (3) given
in [12]. Therefore, the results given in [12,13] are only parts of Theorem 1 derived here.
3. Estimate of the ultimate bound and positively invariant set for the unified chaotic
system
Consider the unified system [5]⎧⎨
⎩
x˙ = (25α + 10)(y − x),
y˙ = (28 − 35α)x − xz + (29α − 1)y,
z˙ = xy − 8+α3 z.
(13)
The system is chaotic for all α ∈ [0,1]; with α = 0 it reduces to the original Lorenz system
and with α = 1 it is the original Chen system. In [12], the spherical ultimate bound for system
(13) is given:
For
0 α < 1
29
, x2 + y2 + (z − 38 + 10α)2 R24, (14)
where
R4 = (19 − 5α)(8 + α)√3(5 + 88α)(1 − 29α) .
In the following, we present the cylindrical and ellipsoidal bounds for the ultimate bound.
Theorem 2. Denote
Ω:
{
y2 + (z − 28 + 35α)2 R25,|x|R5, (15)
where
R5 = (28 − 35α)(8 + α)2√3(5 + 88α)(1 − 29α) .
When 0 α < 129 , Ω is the ultimate bound and positively invariant set for system (13).
Proof. For 0 α < 129 , define
V = y2 + (z − 28 + 35α)2. (16)
Then, its time derivative along the orbits of system (13) is
1
2
dV
dt
∣∣∣∣
(13)
= yy˙ + (z − 28 + 35α)z˙
= −(1 − 29α)y2 − 8 + α
(
z − 28 − 35α
)2
+ 8 + α
(
28 − 35α)2
.
3 2 3 2
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dt
|(13) = 0 and denote
A = 28 − 35α
2
, B =
√
8 + α
3(1 − 29α) .
Then
y2
B2
+ (z − A)2 = A2. (17)
Let y = AB cos θ , z = A + A sin θ (0 θ  2π). Then
V = y2 + (z − 2A)2 = A2B2 cos2 θ + A2(sin θ − 1)2,
dV
dθ
= 2A2 cos θ[(1 − B2) sin θ − 1].
Let dV
dθ
= 0. Then θ1 = π2 , θ2 = 3π2 , θ3 = arcsin 11−B2 , thus V |θ1 = 0, V |θ2 = 4A2 and V |θ3 =
A2B4
B2−1 . Note that
B =
√
8 + α
3(1 − 29α) 
√
8
3
>
√
2,
thus B4
B2−1 > 4.
Comparing V |θ1 , V |θ2 and V |θ3 , we have
Vmax = A
2B4
B2 − 1 =
(28 − 35α)2(8 + α)2
12(5 + 88α)(1 − 29α) .
Therefore, y2 + (z − 28 + 35α)2  R25 is the two-dimensional ultimate bound and positively
invariant bound for system (13), giving |y|R5.
Denote a = 25α + 10. Then, from the first equation of system (13) and using the variational
technique to estimate x(t), we have
x(t) = x0e−a(t−t0) + e−at
t∫
t0
y(τ)aeaτ dτ  x0e−a(t−t0) + R5e−at
t∫
t0
aeaτ dτ
= (x0 − R5)e−a(t−t0) + R5.
Thus, if x0 > R5 and t → +∞, we have
x(t) − R5  (x0 − R5)e−a(t−t0) → 0.
Similarly,
x(t) x0e−a(t−t0) − R5e−at
t∫
t0
aeaτ dτ = x0e−a(t−t0) + R5e−a(t−t0) − R5.
If x0 < −R5 and t → +∞, we have x(t) + R5  (x0 + R5)e−a(t−t0) → 0.
Therefore, when |x0| > R5 and t → +∞, the distance ρ(x(t), I ) → 0, where I = [−R5,R5].
Thus, |x|R5 is the ultimate bound about x. As a result, (15) is the ultimate bound and positively
invariant set for system (13). This completes the proof. 
D. Li et al. / J. Math. Anal. Appl. 323 (2006) 844–853 851Remark 2. Obviously, R5 < R4. From (15) we have |x|  R5, |y|  R5, |z − 28 + 35α|R5;
that is, x, y, z are contained in the intervals of length 2R5. While from (14), we know that x, y, z
are contained in the intervals of length 2R4. Since R5 < R4, estimate (15) given here in Theo-
rem 2 is more accurate than that in (14).
Next, we discuss the ellipsoidal estimate for the ultimate bound for system (13). We first
introduce the following lemma [12].
Lemma 1. Define a set
Γ =
{
(x, y, z)
∣∣∣∣ x2a2 + y
2
b2
+ (z − c)
2
c2
= 1 (a > 0, b > 0, c > 0)
}
and denote H = x2 + y2 + (z − 2c)2, (x, y, z) ∈ Γ . Then
max
(x,y,z)∈Γ
H =
⎧⎪⎪⎨
⎪⎪⎩
a4
a2−c2 , a  b, a 
√
2c,
b4
b2−c2 , b > a, b
√
2c,
4c2, a <
√
2c, b <
√
2c.
Theorem 3. Assume λ > 0, and denote
μ = 1
2
[
λ(25α + 10) + 28 − 35α] (0 α < 1
29
)
,
with
D = {(x, y, z) ∣∣ λx2 + y2 + (z − 2μ)2 R26}, (18)
where
R6 = μ(8 + α)√3(5 + 88α)(1 − 29α) .
Then, D is the ultimate bound and positively invariant set for system (13). Furthermore, when
λ = λ1 = 28 − 35α125α + 50 ,
ellipsoid (18) attains its minimum volume.
Proof. Define V = λx2 + y2 + (z − 2μ)2. Then
1
2
V˙
∣∣∣∣
(13)
= λxx˙ + yy˙ + (z − 2μ)z˙
= −(25α + 10)λx2 − (1 − 29α)y2 − 8 + α
3
(z − μ)2 + 8 + α
3
μ2.
Let V˙ |(13) = 0. Then we obtain the following surface γ :
λx2
(8+α)μ2 +
y2
(8+α)μ2 +
(z − μ)2
μ2
= 1.3(25α+10) 3(1−29α)
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Estimate of ultimate bound |x| |y| z
Eq. (3), i.e., Eq. (12) in [12] 39.25 39.25 (−0.92,77.216)
Eq. (9) in [13] 92.78 29.93 (−0.92,58.928)
Eq. (10) in [13] 34.563 57.435 (−1.43,113.435)
Eq. (15) in [13] 29.959 (with σ = 1.001) 29.93 (−0.92,58.896)
Eq. (15) 28.918 28.918 (−0.918,56.918)
Denote
a =
√
8 + α
3(25α + 10)μ, b =
√
8 + α
3(1 − 29α)μ, c = μ.
Then, we have
γ :
λx2
a2
+ y
2
b2
+ (z − c)
2
c2
= 1.
Obviously, b > a, b >
√
2c.
When λ > 0, take
√
λx as a new variable. It follows from Lemma 1 that
max
(x,y,z)∈γ
V = b
4
b2 − c2 =
μ2(8 + α)2
3(5 + 88α)(1 − 29α) .
Thus, λx2 + y2 + (z − 2μ)2  R26 . Outside D, we have V˙ |(13) < 0; and on the boundary of D
(except the maximum point (x0, y0, z0)), we also have V˙ |(13) < 0. Thus, any orbit of system (13)
will go to inside D. Therefore, D is the ultimate bound and positively invariant set of system (13).
Finally, the volume of ellipsoid (18) is U = 43π
R36√
λ
. For 0  α < 129 , let
dU
dλ
= 0. Then we
have λ = λ1 = 28−35α125α+50 . It can be easily verified that d
2U
dλ2
|λ=λ1 > 0. Therefore, when λ = λ1 =
28−35α
125α+50 , the volume of the ellipsoid attains its minimum. This completes the proof. 
Remark 3. When λ = 0, Eq. (18) becomes
y2 + (z − 28 + 35α)2  (28 − 35α)
2(8 + α)2
12(5 + 88α)(1 − 29α),
which is exactly the first equation of (15). Thus, when λ = 0, Theorem 3 also holds. But, in this
case, (18) and (15) are different: (18) is an unbounded cylinder, while (15) is a bounded cylinder.
When α = 0, the unified system (13) reduces to the Lorenz system (a = 10, b = 8/3, c = 28).
To estimate the ultimate bound for the Lorenz system, one can use Eqs. (3) and (15) (α = 0)
derived in this paper as well as Eqs. (9), (10) and (15) in [13]. The numerical estimation results
are listed in Table 1, where one can see that Eq. (15) is the most accurate.
4. Conclusions
Research on the ultimate bound for dynamic systems is very important both in control the-
ory and its applications. In this paper, we have investigated the ultimate bound and positively
invariant set for the Lorenz system and a unified chaotic system. We have derived an ellipsoidal
D. Li et al. / J. Math. Anal. Appl. 323 (2006) 844–853 853estimate of the ultimate bound and positively invariant set for the Lorenz system for all the pos-
itive values of its parameters a, b and c, and obtained the minimum value of volume for the
ellipsoid. Comparing with the best results in the current literature [12,13], we have actually filled
the gap of the estimate for the cases of 0 < a < 1 and 0 < b < 2 which were not covered the
result of [13]. Notably our new result is more accurate. Also, we have derived an estimate of the
ellipsoidal bound for the unified chaotic system, for the case of 0  α < 129 , and also obtained
the minimum volume for the ellipsoid. The new estimate obtained here includes the result of [12]
as a special case, and can generate a series of estimations. Finally, we have obtained a cylindri-
cal estimate for the unified chaotic system. When α = 0, it becomes the ultimate bound for the
Lorenz system, which is more accurate than the results given in [12,13]. The theoretical results
obtained in this paper here will find wide applications in chaos control and synchronization.
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